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We present a comprehensive numerical study of dynamical mass generation for unquenched QED in
four dimensions, in the absence of four-fermion interactions, using the Dyson–Schwinger approach.
We begin with an overview of previous investigations of criticality in the quenched approximation.
To this we add an analysis using a new fermion-antifermion-boson interaction ansatz, the Kızılersu¨-
Pennington (KP) vertex, developed for an unquenched treatment. After surveying criticality in
previous unquenched studies, we investigate the performance of the KP vertex in dynamical mass
generation using a renormalized fully unquenched system of equations. This we compare with the
results for two hybrid vertices incorporating the Curtis–Pennington vertex in the fermion equation.
We conclude that the KP vertex is as yet incomplete, and its relative gauge-variance is due to its
lack of massive transverse components in its design.
PACS numbers: 11.15.Ex,12.20.-m,12.38.Cy
I. INTRODUCTION
Quantum Electrodynamics has served as a prototype
field theory for studying both perturbative and non-
perturbative phenomena for many years. Though the
coupling constant in nature is small, and hence pertur-
bative expansions meaningful, one can imagine a theory
of strongly-coupled QED where such an approach is in-
appropriate. The attraction of looking at such a scenario
lies with its relatively simple Abelian gauge structure and
fermion-antifermion-photon interaction: QCD, by way of
contrast, although naturally exhibiting a strong-coupling
regime, is non-Abelian and requires knowledge of the
quark-gluon [1–3] and three-gluon vertices [4–6].
Essentially, there are two mainstream approaches to
non perturbative studies of QED: those on the lattice and
those using a continuum approach such as the Dyson–
Schwinger Equations. Finite volume calculations on the
lattice tend to concentrate on the three-dimensional vari-
ant, where the phase structure of the theory is of interest
not only because of its analogies to QCD, but also for its
potential application to the study of cuprate supercon-
ductors. Functional methods have found that finite vol-
ume effects are large [7, 8], which is significant for more
realistic models featuring anisotropy [9–11]. Though lat-
tice studies have looked at the four dimensional case,
there has been little progress over the last few years due
to complications associated with the four-fermion opera-
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tor. This causes difficulties when comparing lattice stud-
ies with pure QED as calculated using the continuum
approach.
A key component in developing our understanding of
non-perturbative physics has been the study of the mech-
anism of dynamical mass generation. The DSE approach
to this is to calculate the fermion and photon propaga-
tors numerically. This requires knowledge of the fermion-
photon vertex, which can either be provided by Ansatz or
calculated from its DSE. In the absence of a bare mass,
it is universally found that the fermion mass function is
non-zero only above some critical value of the coupling.
The majority of these studies have been limited to the
quenched theories [12–39] where the photon propagator is
tree-level and the coupling does not run: only few works
have been devoted to the unquenched (complete) theory
[27–29, 40–51]. This has historically involved two limita-
tions - the computational challenge recently ameliorated
by the emergence of faster computers, and the incomplete
knowledge of the explicit form of the 3-point fermion-
photon Green’s function (the vertex). Today, progress
has been made towards directly solving the vertex DSEs,
with most of the attention focused upon QCD [2, 5, 6, 52–
54]. However, complementary to this is the explicit con-
struction of vertex models constrained by consideration
of functional identities [3, 4, 55].
In this paper we present a comprehensive study of
dynamical mass generation in strong coupling four di-
mensional QED using the DSEs. The numerical anal-
ysis has been performed independently by two groups,
MRP and RW [29], and AK, TS and AGW [51, 56].
We report jointly upon a recent Ansatz [57], dubbed the
Kızılersu¨–Pennington vertex (KP), and explore its prop-
erties as a function of coupling strength, gauge param-
eter, and fermion number. The paper is organized as
2follows. In section II the DSE formalism is introduced,
followed by a discussion of multiplicative renormalizabil-
ity and its importance, section III. Two fermion-photon
vertices constrained by this are presented, that of Curtis–
Penningtion (CP) vertex for quenched QED [58] and
the KP vertex for unquenched QCD. In section IV we
give a numerical survey of the critical fermion number in
quenched massless QED4 and compare to the KP vertex.
Strictly massless solutions with the unquenched KP ver-
tex are presented in section V. Fermion flavour criticality
and dynamical mass generation for a variety of gauges is
discussed in section VI, where hybrid vertex models that
incorporate the CP vertex in the fermion equation are
also studied. We conclude in section VII.
II. DYSON–SCHWINGER EQUATIONS
In a Quantum Field Theory, all fundamental quan-
tities may be related to the underlying Green’s func-
tions that describe the theory. In Euclidean space, where
with almost no exception non-perturbative calculations
are performed, the equations of motion describing these
correlation functions are the Dyson–Schwinger Equations
(DSEs). The lowest order DSEs relevant to QED are
shown in Fig. 1. These are the first of an infinite tower
of coupled non-linear integral equations, relating Green’s
functions of different orders. Each of these with NF
fermion legs and NA photon legs satisfies its own equa-
tion. These couple each one-particle irreducible Green’s
function to others as illustrated in Fig. 1 and take the
form of non-linear integral equations. The DSEs for two
point functions (the fermion and photon propagators)
are shown in Fig. 1 and given explicitly in Eqs. (1, 2)
to come. To solve the infinite tower is impossible, con-
sequently, some form of truncation must be introduced.
Minimally, to evaluate the two point functions, we need
to introduce a suitable Ansatz for the fermion-photon
vertex that appears in both of the equations in Fig. 1.
To be realistic, such an Ansatz must attempt to encode
the effect of all the higher point Green’s functions, at
least as far as their implication for the fermion and pho-
ton propagators is concerned. The treatment discussed
in section III is an example of this.
A. Fermion and Photon Propagators
The renormalized DSEs for the fermion and photon
propagators are
S−1(p) = Z2 S
(0)−1(p)
−
Z22
Z1
ie2
∫ Λ
M
d˜k Γµ(p, k; q) S(k) γν ∆µν(q) ,
(1)
∆−1µν (q) = Z3 ∆
(0)
µν
−1
(q)
FIG. 1. The Dyson–Schwinger Equations in QED for the
fermion and photon propagators (straight and wavy lines re-
spectively). Full circles denote fully dressed quantities.
+
Z22
Z1
ie2NF Tr
∫ Λ
M
d˜k Γµ(p, k; q) S(k) γν S(p) .
(2)
Here d˜k = d4k/ (2pi)4, q = k − p, S(0) and ∆
(0)
µν are
the tree-level fermion and photon propagators respec-
tively, and the Zi factors relate the unrenormalized quan-
tities arising from the Lagrangian to the correspond-
ing renormalized quantities appearing in these equa-
tions. Renormalization allows us to trade the momentum
cut-off Λ for some physical renormalization point µ, so
Zi = Zi(µ
2,Λ2).
Explicitly, these relations are
Γµ(k, p;µ) = Z1 Γ
0
µ(k, p; Λ) (3)
for the fermion-photon vertex,
S(p;µ) = Z−12 S
0(p; Λ) , (4)
Dµν(q;µ) = Z
−1
3 D
0
µν(q; Λ) , (5)
for the fermion and photon propagators, and
α(µ) = (Z2/Z1)
2 Z3 α0 , (6)
for the renormalized coupling strength, where α0 =
e20/4pi and α = e
2/4pi, and unrenormalized quantities in
the preceding paragraph are indicated by a 0 superscript
or subscript.
As is well-known, the Dirac structure of the fermion
propagator can be decomposed as
S(p) =
F (p2)
6p−M(p2)
=
1
A(p2) 6p−B(p2)
, (7)
which implies
F (p2) =
1
A(p2)
, M(p2) =
B(p2)
A(p2)
. (8)
While the fermion propagator comprises two gauge-
dependent scalar functions, F (p2), the fermion wave-
function renormalization function, and M(p2), the mass
function, the full photon propagator is characterised by
3one gauge-independent function, G(p2), the photon wave
function renormalization,
∆µν(q) =
−1
q2
[
G(q2)
(
gµν −
qµqν
q2
)
+ ξ
qµqν
q2
]
, (9)
where ξ is the covariant gauge parameter. The gauge
parameter is also renormalized via ξ0 = Zξ ξ, from which
the invariance of αξ implies Zξ = Z3.
The respective tree-level propagators are obtained by
setting A = G = 1 and B = m0 in the above, with m0
the bare fermion mass appearing in the Lagrangian.
In this Abelian theory, the fermion-photon vertex must
satisfy the Ward-Green-Takahashi identity (WGTI) [59–
61]:
Z1 qµ Γ
µ(p, k) = Z1 qµ Γ
µ
L(p, k) = Z2 S
−1(k)− Z2 S
−1(p) .
(10)
This plays a role in constraining the explicitly gauge-
dependent part of the fermion DSE. The corresponding
equation for the unrenormalized quantities results in the
identification
Z1 = Z2 , (11)
so Eq. (6) simplifies to
α(µ2) = Z3 α0 . (12)
The renormalization point invariant running coupling
is then given by
α(p2) = α(µ2)G(p2, µ2) , (13)
with G the photon dressing function. The mass function
M(p2) is also a renormalization point invariant. An im-
portant consequence of the gauge symmetry is that the
photon dressing function G is independent of the gauge
parameter ξ, which itself receives no higher-order correc-
tions.
B. Fermion-Photon Vertex
The fermion-photon vertex consists of twelve spin am-
plitudes built from I, γµ and two independent four-
momenta, kµ and pµ. These can be combined into four
longitudinal components, Li, whose coefficient functions
λi are wholly determined by the WGTI as Ball and Chiu
stated [62], and eight transverse components Ti satisfying
qµ T
µ
i (p, k) = 0 ; T
µ
i (k, k) = 0 , (14)
(that is, they are orthogonal to the photon momentum
and free of kinematic singularities) such that
Γµ(p, k) =
4∑
i=1
λi L
µ
i (p, k) +
8∑
i=1
τi T
µ
i (p, k) , (15)
where λi = λi(p
2, k2, q2) and τi = τi(p
2, k2, q2). We em-
ploy the same basis for Li as in [57, 63] :
L1(p, k) = γ
µ ,
L2(p, k) = (6k+ 6p)(k + p)
µ ,
L3(p, k) = (k + p)
µ ,
L4(p, k) = (k
ν + pν)σµν , (16)
with σµν =
1
2 [γµ, γν ]. The longitudinal components are
fixed uniquely by the WGTI to be (superscript ‘M’ de-
notes Minkowski space)
λM1 (p
2, k2) =
1
2
[Ak +Ap] ,
λM2 (p
2, k2) =
1
2
1
(k2 − p2)
[Ak −Ap] ,
λM3 (p
2, k2) = −
1
k2 − p2
[Bk −Bp] ,
λM4 (p
2, k2) = 0 , (17)
where Ak = A(k
2) is a convenient shorthand. For the
transverse basis, we content ourselves with considering
only those components that are non-vanishing perturba-
tively in the massless limit:
T µ2 (p, k) = [p
µ (k · q)− kµ (p · q)] (6k+ 6p) ,
T µ3 (p, k) = q
2γµ − qµ 6q ,
T µ6 (p, k) = γ
µ
(
p2 − k2
)
+ (p+ k)
µ
6q ,
T µ8 (p, k) = −γ
µkνpλσνλ + k
µ 6p− pµ 6k . (18)
The remainder of this paper is devoted to consider-
ing solutions of the DSE resulting from different choices
of vertex arising from various forms for these transverse
components τi(k, p). The chief ingredients will be the
matching to perturbation theory in the appropriate limit
and the preservation of multiplicative renormalizability
by the truncation scheme.
III. MULTIPLICATIVE
RENORMALIZABILITY AND CHOICE OF
VERTEX
Early on in the course of investigating possible ver-
tex truncations in the Dyson–Schwinger equations, it was
noted that multiplicative renormalizability was not guar-
anteed to be preserved [58, 64, 65]. Indeed, whilst not
surprising in the case of a bare vertex this problem re-
mains even on adoption of the Ball-Chiu form for the
fermion-photon vertex. It became apparent that to sat-
isfy this necessary property of the equations, one must
include a transverse part in the vertex. However, the
WGTI does not furnish us with any information here so
we must find other means to constrain these transverse
components.
41. Curtis–Pennington Vertex
One approach to obtain non-perturbative constraints
on the transverse part of the vertex is to use perturbation
theory, and demand that the leading and sub-leading log-
arithms contained within our wave-function renormaliza-
tion and mass functions re-sum correctly. This was the
guiding principle taken by Curtis and Pennington [58]
that led to the following form for the transverse part of
the vertex in quenched QED: all τi = 0, except
(τ6)
M = −
λM2 (p
2, k2) (k2 + p2) (k2 − p2)
(k2 − p2)
2
+ [M2(k2) +M2(p2)]
2 . (19)
Numerical studies employing the Curtis–Pennington
(CP) vertex showed that not only were the equations
manifestly multiplicatively renormalizable for large val-
ues of the coupling, but also that they exhibited a much
milder violation of gauge invariance [23] in critical stud-
ies. The success of this vertex and the lack of any further
developments over the years means that it has been em-
ployed in many studies, from QED in three dimensions
[66, 67] to studies of QCD [68, 69].
2. Kızılersu¨-Pennington Vertex
The Kızılersu¨-Pennington (KP) vertex [57] is an un-
quenched vertex in the sense that it has the right struc-
ture to satisfy both fermion and photon DSEs. Moreover
it respects gauge invariance, multiplicative renormaliz-
ability, agrees with perturbation theory in the weak cou-
pling limit and is free of kinematic singularities. The
appearance of logarithms of the fermion finite renormal-
ization function A(p2) here are a result of the require-
ment that, for a perturbative expansion in the coupling,
the coefficients of the leading logarithms exhibit the cor-
rect dependence on one another. The KP vertex has the
following construction for the four unknown transverse
form factors:
τE2 =−
4
3
1
(k4 − p4)
(Ak − Ap)
−
1
3
1
(k2 + p2)2
(Ak +Ap) ln
[(
Ak Ap
A2q
)]
,
τE3 =−
5
12
1
(k2 − p2)
(Ak − Ap)
−
1
6
1
(k2 + p2)
(Ak +Ap) ln
[(
Ak Ap
A2q
)]
,
τE6 =
1
4
1
(k2 + p2)
(Ak − Ap) ,
τE8 =0 , (20)
where ‘E’ denotes Euclidean space, and the momentum
arguments of the τEi (p
2, k2, q2) have been suppressed. Ak
is a convenient shorthand for A(k2). Later we adopt a
similar shorthand for α(µ2) of αµ.
IV. QUENCHED QED4 AND DYNAMICAL
MASS GENERATION
If we ignore the contribution of fermion loops to the
photon propagator, in effect quenching the theory, the
coupling no longer depends on the photon momentum.
A consequence of this truncation is that we do not need
to consider the renormalization of the theory, since the
only scale that enters the problem is the numerical cut-off
Λ. It then makes sense to work in terms of dimensionless
quantities pˆ2 = p2/Λ2 and M(pˆ)/Λ. Despite this dis-
pleasing scale dependence, the same constraints of multi-
plicative renormalizability may still be formally applied.
In this section, we consider three different choices
of fermion-photon vertex; the bare vertex, the Curtis–
Pennington vertex and the Kızılersu¨-Pennington vertex.
The last two vertices include the Ball-Chiu construction
as the longitudinal vertex. To study the impact of the
truncation scheme (i.e vertex Ansatz and cutoff regula-
tor) on the breaking of gauge invariance, we perform our
calculations in three representative gauges, ξ = 0, 1, 3,
and examine the behaviour of the critical coupling. Only
Eqs. (A4, A6) of the DSEs need to be solved, since
G = 1, NF = 0 in the quenched approximation.
A. Previous Studies
Dynamical mass generation in strongly coupled QED
in 3- and 4- dimensions has been historically of great
interest. However the majority of the previous studies
in the literature have been limited to the quenched ap-
proximation of the theory. The advantage of this ap-
proximation is that one can study the dynamical fermion
mass generation analytically as well as numerically with
some vertex approximations. Undeniably the results and
guidance provided by these studies have been very valu-
able in developing our understanding of the phenomena
of dynamical mass generation and for advancing the in-
vestigation of the robustness, performance and reliability
of the numerical treatment [27–29, 70].
We now discuss some of the outcomes of these studies
[12–38] in 4-dimensional quenched QED. The quenched
DSE investigation of dynamical mass generation suggests
that QED4 undergoes a phase transition at a critical cou-
pling αc, when the interaction is strong enough. In the
absence of a bare mass in the Lagrangian, the fermions
in the theory are massless for all couplings less than this
critical value (α < αc), while they acquire mass for cou-
plings greater than the critical one (α > αc). The value
of this critical coupling strongly depends on the trunca-
tion of the system [13, 14, 17–29, 31–35, 46] and which
fermion-photon vertex is used. Furthermore it should be
gauge independent [22, 28–31, 71] since it is (at least, in
principle) a physical quantity.
In the very close vicinity of the critical point the
dynamically generated mass admits a power-law be-
haviour [72] in Euclidean space, M(p2) = (p2)−s, since
5TABLE I. Critical couplings from previous studies for three
different vertex Ansa¨tze for ξ = 0, 1, 3 in quenched QED.
The ∗ vertex superscript indicates those solutions derived by
applying the WGTI. (‘NA’ indicates ‘not available’.)
ξ 0 1 3 Vertex
Ref. [13] pi/3 NA NA Bare
Ref. [23] 1.003 *pi/3 NA NA Bare
Ref. [28] 1.047 1.690 2.040 Bare
Ref. [23] 0.9344 0.9240 0.9218 CP
Ref. [22] 0.933667 0.923439 0.921272 CP
Ref. [28] 0.933667 0.890712 0.832927 CP∗
Ref. [31] 0.934 NA NA BBCR Ansatz
the SD system in quenched QED4 is scale invariant. The
exponent, s, which determines the asymptotic behaviour
of the mass function is related to the anomalous dimen-
sion of the ΨΨ operator. Although this operator is not
relevant in the perturbative region of QED4 where it vio-
lates the renormalizability of the theory, it becomes large
and renormalizable in the nonperturbative region; hence
it becomes a relevant operator in non-perturbative DSE
studies [37, 73–75]. This implies a four-fermion inter-
action with associated coupling parameter needs to be
added to the theory. Such operators are automatically
included in lattice calculations which makes it difficult
to compare lattice studies directly with the SD calcula-
tions that do not include such an interaction term. Nev-
ertheless lattice studies qualitatively support the DSE
findings of quenched QED4 by observing that the theory
goes through a phase transition breaking chiral symmetry
with associated dynamically generated mass [19, 76–82].
All of these studies agree that the dynamically generated
mass obeys a mean field scaling law.
Table I shows critical couplings collected from vari-
ous quenched QED4 Dyson–Schwinger studies employing
various vertices and using cutoff regularization. A few
comments are in order. Miransky [13] demonstrated an-
alytically that dynamical mass generation occurs in Rain-
bow QED (quenched QED with a bare vertex) in Landau
gauge with a critical coupling of pi/3. This was confirmed
numerically by the other Rainbow studies cited. How-
ever, the use of the bare vertex makes the critical cou-
pling highly gauge dependent, not least since it does not
respect the WGTI. The development of the CP vertex led
to the numerical study of [23] and the analytic study of
[22], in substantial agreement, and exhibiting a reduced
gauge dependence of the critical coupling. However, it
emerged that using a cutoff regulator potentially violates
the translation invariance of the theory, and leads to an
ambiguity in the fermion DSE equation (except in Lan-
dau gauge), depending on whether or not the WGTI was
applied in its derivation [22, 23], which was resolved us-
ing dimensional regularization [70] in favour of the former
scenario. This accounts for the differing results for the
CP vertex for ξ 6= 0 in Table I. Curiously, solutions for
the CP vertex with the WGTI identity (correctly) ap-
plied exhibit greater gauge dependence than those where
it is not applied.
In summary, quenched QED using the bare and CP
vertex is now well understood. However, inspection of
Table I reveals that the desired gauge independence of
the critical coupling has only been partially realized, al-
though the CP vertex represents a considerable improve-
ment over the bare vertex [23].
B. Numerical Results for the Quenched KP Vertex
Here, we study the critical behaviour of quenched
QED4 using the Kızılersu¨-Pennington vertex [29, 57] in
various gauges, comparing it with the bare and CP ver-
tices. Only Eqs. (A4, A6) of the DSEs need to be solved,
since G = 1, NF = 0 in the quenched approximation.
We show our results in Fig. 2 by plotting the dynami-
cally generated Euclidean mass versus the coupling for
ξ = 0, 1, 3. We expect the Euclidean mass near critical-
ity to be only approximately gauge invariant since it is
different than the physical mass which should be exactly
gauge-independent : however the location of the critical
coupling should be gauge invariant. Both solutions with
and without application of the WGTI were run: Fig. 2
shows those without the WGTI. In these studies the mo-
mentum cut-off is Λ2 = 1010. For comparison purposes,
we repeat these calculations using the bare and CP ver-
tices.
Since the mass-function exhibits an infinite order phase
transition, the measure of dynamical mass generation
obeys the Miransky scaling law [18]. When the coupling
is greater but very close to its critical value, we have
Λ
ME
= exp
 A√
α
αC
− 1
−B
 , (21)
where A,B and αc can be determined through a least-
squares fit. We summarize these critical couplings in Ta-
ble II which show the results for solutions with the WGTI
applied.
Figure 3 shows the dynamically generated mass versus
coupling for the CP vertex for ξ = 0, 0.25, 0.5, 1, with fit
parameters m, c, αc and b in the formula
mE
Λ
= m exp
[
−
c
(α/αc − 1)b
]
. (22)
TABLE II. Critical couplings for three different vertex
Ansa¨tze for ξ = 0, 1, 3 in quenched QED, with the WGTI ap-
plied. The Miransky scaling law, Eq. (21), is used to extract
αc. These results were generated by the Durham group [29].
ξ 0 1 3 Vertex
αc 1.0472 1.690 2.040 Bare vertex
αc 0.9339 0.8909 0.8329 Curtis–Pennington
αc 0.9351 0.7222 ≃ 0.5 Kızılersu¨–Pennington
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FIG. 2. Dynamically generated Euclidean mass versus coupling for ξ = 0, 1, 3 using the bare, Curtis–Pennington and Kızılersu¨–
Pennington vertices respectively, without the WGTI.
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FIG. 3. Dynamical mass versus coupling for m0 = 0 solutions
in quenched QED4 for gauges ξ = 0, 0.25, 0.5, 1 using the CP
vertex with WGTI.
It is apparent that both the CP and KP vertices out-
perform the bare vertex, though the CP vertex has the
smallest degree of gauge variance of the three models con-
sidered. Note that as the gauge parameter increases, the
value of the critical coupling decreases for the CP and
KP vertices, and increases for the bare vertex.
V. MASSLESS UNQUENCHED QED4
Introducing fermion loops into the Dyson–Schwinger
equation for the photon propagator leads to a running
of the coupling. Renormalization then becomes manda-
tory, allowing us to trade the cut-off Λ for some physical
renormalization point, µ.
Before investigating the effects of dynamical mass gen-
eration by examining critical behaviour, we investigate
the strictly massless theory. Our primary purpose is to
quantify the gauge-dependence of the photon dressing
function G(p2), which should ideally be independent of
ξ. Additionally, we wish to consider the effect of using
a cutoff regulator, which potentially violates the trans-
lation invariance of the theory. The photon self energy
diagram, Fig. 1, treats both the fermion propagators in
a symmetric way, but this symmetry will potentially not
be respected by the cutoff regulator [29, 51, 83]; this is
investigated numerically below by introducing a fermion
loop variable parameter η with k − η q the upper loop
momentum in Fig. 1 and k + (1 − η)q the lower. Two
cases were investigated:
• η = 1 (the asymmetric partition) corresponds to
loop momenta k − q and k
• η = 1/2 (the symmetric partition) corresponds to
loop momenta k − q/2 and k + q/2
In Fig. 4, we show the results of the fermion wave-
function renormalization and the corresponding effective
(running) coupling versus momentum-squared for four
gauges, ξ = 0, 1, 2, 3, and η = 1/2 with the modi-
fied Curtis–Pennington vertex (left panels) and Kızılersu¨-
Pennington vertex (right panels). For both vertices the
function F is dependent upon the gauge, as it must be;
the solutions are virtually identical. However one sees the
photon dressing function is strongly gauge dependent for
the CP vertex, motivating the development of a ‘better’
vertex, the KP vertex, for which the improvement in the
effective (running) coupling is instantly apparent. The
solutions for four different choices of the gauge parameter
lie almost on top of one another. The requirement that
the vertex Ansatz ensures the DSE should be multiplica-
tively renormalizable dramatically reduces the violation
of gauge invariance.
Figure 5 shows similar results as in Fig. 4 for the KP
vertex, but with the asymmetric momentum partition
η = 1. The difference between the two momentum par-
tition schemes is most apparent in the running coupling
in the infrared.
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FIG. 4. Fermion wave-function renormalization and running coupling for ξ = 0, 1, 2, 3 and η = 1/2 (symmetric momenta
partition) employing the Curtis–Pennington vertex (left) and Kızılersu¨-Pennington (right).
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FIG. 5. Fermion wave-function renormalization and running coupling for ξ = 0, 1, 2, 3 and η = 1 (asymmetric momenta
partition) employing the Kızılersu¨-Pennington vertex.
VI. MASSIVE UNQUENCHED QED4 AND
DYNAMICAL MASS GENERATION
A. Previous Studies
While exploring fermion mass generation in the un-
quenched (full) theory is the ultimate goal, historically
most effort devoted to this subject using the DSE for-
malism has been conducted using various approximations
which make the system tractable : for example, the bare
vertex and/or the quenched approximation. Fundamen-
tally the aim of unquenching QED is to understand the
8TABLE III. Critical couplings in the literature for different
vertex Ansa¨tze for in Landau gauge in unquenched QED4.
This is an extension to Table 4.1 in Ref. [28]
Ref. αc(NF = 1) Vertex Model
[42] 1.9997 (ξ = 0) Bare
[40] 1.95 (ξ = 0) Bare
[45] 1.9989(ξ = 0) Bare
[45] 2.0728 (ξ = 0) Bare
[46] 1.9995 (ξ = 0) Bare
[92] 2.25 (ξ = 0) Bare
[20] 2.10028 (ξ = 0) Bare
[48] 2.084 (ξ = 0) Bare
[47] 2.0944 NA
[93] 1.9995 NA
[28] 1.99953 (ξ = 0) Bare
[28] 1.74102 @Λ2(ξ = 0) Bare
[28] 1.63218 @Λ2(ξ = 0) Ball-Chiu
[28] 1.61988 @Λ2(ξ = 0) modified CP
[31] 2.27(Anal.), 2.4590(Num.) (ξ = 0) BC+KP+A
[50] 0.9553 (ξ = 0) BC+Ansatz
effects of the fermion loops on the interaction, namely
the behaviour of the running coupling for a given physical
system. There exists a large body of literature on dynam-
ical fermion mass generation in unquenched QED4 [27–
29, 40–51] for various gauges ξ and number of flavours
NF . For reasons explained above, these necessarily in-
volve truncations in the vertex and/or propagators; the
most popular truncations are to replace the full pho-
ton wave function renormalization with its 1-loop per-
turbative expression, avoiding angular integrations in the
DSEs, and solving the DSEs by iteration for F,M and G
with the bare vertex. Invariably, cutoff regularization is
used. The results obtained are qualitatively similar to the
quenched case; namely, a phase transition occurs at some
critical value of the coupling whereby fermion masses are
generated dynamically; and (more controversially) the
equations obey scaling laws from which conclusions are
drawn regarding the continuum limit of the theory.
Some of these critical value studies in the literature
are tabulated in Table III. Lattice studies also obtain
dynamical mass generation and mass function scaling
[81, 82, 84–91], but are not currently directly compara-
ble because as explained above, they naturally contain a
four-fermion interaction term.
B. Preliminaries
In this investigation, we use the two vertex Ansa¨tze
introduced in Section III: the Curtis–Pennington (CP)
vertex and the Kızılersu¨-Pennington (KP) vertex. How-
ever, we cannot use the former directly in massive studies
since the transverse component of the CP vertex given in
Eq. (19) leads to a quadratic divergence in the photon
DSE, due to the DSEs probing different kinematical re-
gions in the vertex [57]. Instead, we use two models (we
call them models since they are clearly unrealistic, but
serve to illuminate possible paths forward) where the CP
vertex is used in the fermion DSE, and
• the Ball-Chiu construction without a transverse
part is used in the photon DSE [28, 51] (the modi-
fied CP vertex)
• the KP vertex is used in the photon DSE [29] (the
modified KP vertex or hybrid CP/KP vertex)
We also use cutoff regularization which should be rec-
ognized as an approximation, although there are doubts
whether QED makes sense without one. We now proceed
to investigate the consequences of the choice of the vertex
on dynamical mass generation, and the gauge invariance
of the consequent critical coupling. To accomplish this
we introduce a sufficiently large coupling into the theory
such that our solutions exhibit dynamical mass gener-
ation in the absence of a bare mass, for a selection of
choices of the gauge parameter. The coupling strength
is then decreased, in turn reducing the amount of mass
generation, until we cross into the phase where only a
massless solution exists. We use a renormalized formal-
ism previously introduced in [25, 26], but constrained to
solutions with zero bare mass (m0 = 0). In this case, the
mass function Eq. (A6) simplifies to
M(k2) =
Σs(k
2)
1− Σd(k2)
. (23)
In this section, all solutions have µ2 = 108 and Λ2 = 1010.
Typical fermion and photon propagator solutions for
m0 = 0 and fixed αµ above criticality are presented in
Fig. 6 (top) for three different gauges (ξµ = 0, 0.5, 1).
In Eq. (23) and Fig. 6 (top), A(p2) and G(p2) are renor-
malized solutions; however their unrenormalized counter-
parts can easily be calculated, as they are proportional
to the renormalized solutions. Using Eqs. (4) and (5) we
get
A0(p
2,Λ2) = A(p2, µ2) / Z2(Λ
2, µ2) , (24)
G0(p
2,Λ2) = G(p2, µ2)Z3(Λ
2, µ2) , (25)
the constants of proportionality are the fermion and pho-
ton renormalization constants, Z2 and Z3 respectively.
As the coupling constant transforms oppositely to G,
Eq. (12), the unrenormalized coupling is
α0 = α / Z3 , (26)
so that the effective coupling function
αeff(p
2) = α(µ2)G(p2, µ2) = α0(Λ
2)G0(p
2,Λ2) , (27)
is invariant. The mass function is similarly invariant,
likewise α ξ is also an invariant quantity, so that ξ trans-
forms like G, and will also be shifted in the unrenormal-
ized solutions (except for Landau gauge). The unrenor-
malized solutions corresponding to the top panel of Fig. 6
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FIG. 6. Renormalized m0 = 0 solutions for αµ = 1,
ξµ = 0, 0.5, 1 (top) and corresponding unrenormalized solu-
tions (bottom) for asymmetric momentum split (η = 1)
are presented in the bottom panel. Also displayed are
αΛ = αeff(Λ
2) = αG(Λ2) and ξΛ = ξ/G(Λ
2) , (28)
which are the parameters we would use for α and ξ if
we wished to obtain the same solution as in Fig. 6, but
renormalized at the cutoff (an example of a renormaliza-
tion point transformation). Note that α0 ≈ αΛ, and also
A(Λ2) ≈ 1 and G(Λ2) ≈ 1: that is to say, the unrenor-
malized solutions are almost the same (but not identical)
as solutions renormalized at the cutoff.
We also note that the unrenormalized solutions will
scale with the cutoff according to their mass dimension:
that is to say, under
Λ→ Λ′ , (29)
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FIG. 7. m0 = 0 solutions for αµ = 1.1 and ξ = 0, scaling
Λ2 and µ2 (top) and corresponding cutoff-relative solutions
(bottom)
A0 and G0 as functions of p
2/Λ2 are unchanged (as is
α0) and
M0 →
√
Λ′/ΛM0 . (30)
These relations can only be maintained using the renor-
malized solutions if the renormalization point is scaled
with the cutoff. Figure 7 illustrates the point [23]. When
all mass scales, here Λ2 and µ2 (since m0 = 0) are scaled
simultaneously, the results are invariant when all mo-
menta are plotted relative to the cutoff.
In the top Fig. 7 it is evident that, for zero bare mass
solutions, the mass function scales with the cutoff. Fur-
thermore, there is a general shift rightwards in momen-
tum scale in all propagator functions, in proportion to the
increase in cutoff. It behaves the same as the quenched
theory, as studied in [94, 95]. In these papers, it was
argued that this was evidence that QED did not have a
10
chiral limit in the usual sense. However, since the bare
mass naturally varies with the cutoff, we should not ex-
pect bare mass solutions to be invariant against changes
in the cutoff; rather the invariant solutions are the scaled
solutions, as presented in the bottom Fig. 7.
These preliminary considerations show that it is viable
to use a renormalized formalism to conduct a search for
a critical coupling, below which the only solutions with
m0 = 0 are massless, provided we quote the unrenormal-
ized coupling or the coupling at the cutoff in our results.
Comparison with renormalized solutions is only possi-
ble without conversion if they have the same cutoff and
renormalization point, or at least the same ratio. We
also note the (inconvenient) shift in ξ for ξ 6= 0: this will
vary with α.
C. Numerical Results
Figs. 8 and 9 illustrate the process for a symmetric
momentum partition (η = 1/2). Each solution obtained
at µ2 = 108 for the hybrid CP/KP vertex in Fig. 8 cor-
responds to an (αΛ,mE) point in (the bottom) Fig. 9,
where αΛ = αeff (Λ
2) and mE is the Euclidean mass,
derived from the mass function by the constraint
M(m2E) = mE . (31)
Here, and hereafter, solutions are renormalized at µ2 =
108 with Λ2 = 1010 and converged to one part in 105 or
better at each momentum point.
The critical coupling αc is extracted from the solutions
in Fig. 9 by a least-squares fit of the form
mE = Λ s (αΛ − αc)
p (32)
where s, p and αc are parameters to be fitted. Note
that a simple power-law fit can be used, since the de-
scent to criticality is much steeper than in the quenched
case. Of course, the critical coupling at the renormaliza-
tion point, or the unrenormalized critical coupling could
be calculated instead, by fitting (αµ,mE) or (α0,mE)
points. However, in all cases, the descent to criticality is
along lines of constant ξµ.
It is admitted that the consequent shift in ξ explained
in the previous section is a disadvantage to this method.
However, in practice the shift is small (e.g. for KP ξ = 1,
the shift is ≈ 1.7%) and decreases to insignificance as
α→ αc reflecting the sharpness of the fall to criticality.
Figs. 10 and 11 show results for the asymmetric mo-
menta split (η = 1), but for αµ; the results for αΛ
are shown in Fig. 12 which compares vertex Ansa¨tze
in the Landau (top figure) and Feynman (bottom fig-
ure) gauges. The outcomes for the Landau and Feynman
gauges in both momentum partitioning schemes are sum-
marized in Table IV: we adopt the expedient of truncat-
ing the shifted αΛ and ξΛ results to four and two decimal
places respectively.
We note that there is a small but significant variation
in the results for the different momentum partitioning.
We further note that in all cases, and using either mo-
mentum partitioning scheme, the hybrid CP/KP vertex
exhibits the least gauge variance. Also, for αc calculated
at the cutoff, the modified CP and KP vertices give very
similar results in either momentum partitioning scheme
for both Landau and Feynman gauges, although there is
a wide gauge variation. However, remarkably, the results
for αc at the renormalization point differ widely for the
modified CP and KP vertices.
It is evident that despite the successes of the KP ver-
tex in the massless limit, where the breaking of gauge-
invariance was significantly suppressed by the satisfying
of multiplicative renormalizability, it is not as good in
this regard as the hybrid CP/BC vertex when dynami-
cal mass generation is manifest. Presumably, the reason
for this is that the KP vertex does not yet include any
mass terms in it, i.e. the transverse form factors τ1,4,5,7
in the transverse vertex, Eq. (15), have been chosen to
vanish. We envisage that this means that the leading
and sub-leading logarithms in a perturbative expansion
of the mass function are not correctly related.
D. Condensate
Another signal of dynamical mass generation is that
the condensate
〈0|Ψ¯Ψ|0〉 = −
4
pi
∫
dp2
p2B(p2)
p2A2(p2) +B2(p2)
, (33)
is non-zero if and only if we are above criticality. In
Fig. 13, we show the condensates for the solutions in
Fig. 11, as functions of α − αc, and resultant fits which
show power-law behaviour. Also notable is the conden-
sates exhibit the same gauge-variant behaviour as the
solutions in Fig. 11: that is, the hybrid CP/KP vertex
solutions exhibit the least gauge variance, and the KP
vertex the most.
E. Comparison With Other Studies
Ref. [28] uses the modified CP vertex in their un-
quenched QED4 work where they solve the DSEs by iter-
ation. They found the critical coupling αc(Λ
2, NF = 1) =
1.61988 which agrees with our results αc(Λ
2, NF = 1) =
1.61567 in Landau gauge very well. Bashir et.al [31] stud-
ied dynamical mass generation in Landau gauge using the
KP vertex together with another additional transverse
piece for various number of fermion flavours their result
for the critical coupling αAc (NF = 1) = 2.27 (analytically
and Λ2 → ∞ is taken) and αNc (Λ
2, NF = 1) = 2.4590
(numerically) and they found their analytical and nu-
merical results on the dynamically generated mass func-
tion differs slightly. Both the solutions exhibits the scal-
ing law, M(0)/Λ2 = a (α − αc)
p with the exponent of
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FIG. 8. Typical m0 = 0 solutions in the Landau gauge (top plots) and Feynman gauge (bottom plots), using the unquenched
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TABLE IV. Critical couplings at the renormalization point (αµ), at the cut-off (αΛ) and unrenormalized (α0) for the Landau
and Feynman gauges using the modified CP vertex, KP vertex and hybrid CP/KP vertex, for symmetric and asymmetric
momentum partitions. Note that, except in Landau gauge, calculating αΛ and α0 necessitates a shift in ξ as well. These results
were generated by the Durham group [29]. The asymmetric results were also generated by the Adelaide group independently
and found to be in agreement.
Symmetric (η = 1/2) Asymmetric (η = 1)
Vertex ξµ αµ ξΛ αΛ αµ ξΛ αΛ ξ0 α0
Mod. CP 0 0.87127 0.00 1.6135 0.87158 0.00 1.6152 0.00 1.6001
Mod. CP 1 0.90681 0.63 1.4409 0.90921 0.63 1.4358 0.62 1.4749
KP 0 0.90567 0.00 1.5783 0.89632 0.00 1.6158 0.00 1.5989
KP 1 0.83658 0.59 1.4080 0.82895 0.58 1.4361 0.56 1.4766
Hybrid KP 0 0.89860 0.00 1.5504 0.88926 0.00 1.5873 0.00 1.5701
Hybrid KP 1 0.86726 0.57 1.5126 0.85935 0.56 1.5449 0.54 1.5944
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FIG. 10. Inverse wave-function renormalization, mass-function and running coupling in Landau (left) and Feynman (right)
gauges using the KP vertex in asymmetric momentum partition.
p = 0.5 (analytically), p = 0.7819 (numerically). Our
critical value for NF = 1 is much smaller than theirs
but our exponent of the power law p = 0.89631 is larger
than theirs. Referring again to Fig. 8 for comparison, we
chose values such that the resulting massesM(0) were ap-
proximately equivalent. Clearly, the wave-functions show
their intrinsic gauge variance. This is present also in the
mass-functions, but is masked somewhat by the genera-
tion of a mass and is mainly discernible from differences
in the ultraviolet behaviour. The key test, however, is in
the dressing functions for the photon propagator which
should be invariant under a change of gauge. We see that
the solutions for two gauges are in fact very similar – as
is most evident from the plots of Fig. 11.
VII. CONCLUSION AND FUTURE WORK
In this article we studied dynamical mass generation in
unquenched QED4 by solving the DSEs for the fermion
and photon propagators. Given a suitable Ansatz for the
fermion-photon vertex, the infinite tower of equations can
be truncated, forming a closed system of coupled non-
linear integral equations that are solved numerically by
iteration.
In the absence of any explicit mass term in the La-
grangian, fermions remain massless until the gauge cou-
pling reaches some critical value whereupon the fermions
acquire a dynamical mass. This occurs in both quenched
QED (where the coupling does not run and the photon
propagator is trivial) and unquenched QED. The value of
the critical point depends on the choice of vertex adopted
to solve these equations. Ideally, the photon propagator
and critical coupling should be independent of the choice
of gauge: its actual degree of gauge variance is an impor-
tant constraint for constructing a fermion-photon vertex
as well as a test for checking the quality of the trun-
cation introduced. While the the bare vertex leads to
a highly gauge dependent critical coupling, the CP and
KP vertices perform much better in this regard due to
their construction. Recall the CP vertex was constructed
to make the fermion propagator consistent with multi-
plicative renormalizability. Since this represents a kine-
matic region in which a large momentum flows through a
fermion line to the photon leaving the other fermion with
fixed momentum, it fails in the photon equation when
ultra-violet renormalization concerns large momenta in
the fermion legs, with the photon momentum fixed. Con-
sequently, the CP vertex, widely used in quenched stud-
ies, is incompatible with unquenched QED, except in the
massless case. In contrast, the KP vertex aims to make
both the fermion and photon propagator equations con-
sistent with multiplicative renormalizability in the case
of massless fermions.
The main aim of this paper has been to explore the per-
formance of the KP vertex with regard to gauge invari-
ance when a dynamical mass is generated. This analysis
has highlighted the sensitivity to the fact that the de-
sign of the KP vertex is incomplete, since no mass terms
are included in its structure. Hence, for comparison pur-
poses, two hybrid vertices were also considered: these
used the CP vertex for the fermion equation, and the
Ball-Chiu and the KP vertex respectively for the photon
equation. It was found that the latter vertex (the hy-
brid CP/KP vertex) exhibited the least gauge variance.
Another possible source of gauge variance is the use of a
cutoff regulator: by employing two different schemes for
evaluating the fermion loop momenta, it was found that
this effect was also non-trivial. This illustrates how our
understanding of strong coupling QED is as yet incom-
plete, and in need of further study.
As soon as fermion loops are introduced in the QED
vacuum, the electric charge is screened and the effective
coupling starts to run. One of the outstanding questions
in full QED is how much screening the effective running
coupling will receive in the continuum limit (Λ −→ ∞)?
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FIG. 11. Euclidean mass vs. coupling αµ for m0 = 0 solutions
for the modified CP (top), KP (middle) and hybrid CP/KP
(bottom) vertex Ansa¨tze for ξµ = 0, 0.5, 1, η = 1 and corre-
sponding power-law fits in asymmetric momentum partition.
Will the effective running coupling die off and the theory
become free and non-interacting? Or at large momenta
does the coupling become so big that new operators, like
that of four-fermions, become relevant in such a way that
the theory remains interacting, and non-trivial. Answer-
ing these questions is outside the scope of this paper,
but the subject of subsequent work to be reported else-
where. There the relevant operators will be added to the
Lagrangian allowing their effect to be quantified.
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Appendix A: Dyson–Schwinger equations (DSEs)
The fermion and the photon Dyson–Schwinger equa-
tions which are solved iteratively for the fermion and
photon wave function renormalizations and for the mass
function are given below.
1. Fermion Wave-function Renormalization
The fermion self-energy in Eq. (1) can be decomposed
into Dirac and scalar terms, Σ(p) = Σd(p) 6p+Σs(p)
which is obtained from Σ(p) by
Σd(p
2) =
1
4
Tr
(
Σ(p)
6p
p2
)
, Σs(p
2) =
1
4
Tr
(
Σ(p) · 1
)
.
(A1)
Multiplying Eq. (1) by 6 p and 1 respectively yields two
separate equations for the inverse fermion wave-function
renormalization and the mass function :
F−1(µ2; p2) = Z2(µ) − Z2(µ) Σd(p
2) , (A2)
M(p2) F−1(µ2; p2) = Z2(µ) m0 + Z2(µ) Σs(p
2) . (A3)
Evaluating Eqs. (A2,A3) at the renormalization point,
p2 = µ2, and forming an appropriate difference one can
eliminate the divergent constants Z1 and Z2 to obtain
the renormalized quantities
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FIG. 12. Vertex comparison of dynamically generated mass, m0 = 0, solutions coupling at the cutoff, for the Landau (left) and
Feynman (right) gauges and η = 1.
F (µ2; p2) = 1 + F (µ2; p2) Σd(p
2) − Σd(µ
2) , (A4)
Σd(p
2) =
α
4pi3
∫
E
d4k
1
p2
1
q2
Fk
[k2 +M2k ])
[
−
ξ
q2
1
Fp
[
p2 k · q +MkMp p · q
]
+
Gq
q2
{
1
2
(
1
Fk
+
1
Fp
) [
−2∆2 − 3q2k · p
]
+
1
2 (k2 − p2)
(
1
Fk
−
1
Fp
)[
−2∆2(k2 + p2)
]
+
1
(k2 − p2)
(
M2k
Fk
−
MpMk
Fp
) [
−2∆2
]}
+Gq
{
τE2 (p
2, k2, q2)
[
−∆2(k2 + p2)
]
+ τE3 (p
2, k2, q2)
[
2∆2 + 3q2k · p
]
+ τE6 (p
2, k2, q2)
[
3 k · p (p2 − k2)
]
+ τE8 (p
2, k2, q2)Mk
[
−2∆2
] } ]
, (A5)
where ∆2 = (k · p)2 − k2p2 and
M(p2) = mµ +
[
M(p2)Σd(p
2) + Σs(p
2)
]
−
[
mµΣd(µ
2) + Σs(µ
2)
]
, (A6)
Σs(p) =
α
4pi3
∫
E
d4k
1
q2
Fk
[k2 +M2k ]
[
ξ
q2
1
Fp
[k · qMp − p · qMk]
+Gq
{
1
2
[
1
Fk
+
1
Fp
]
Mk [3] +
1
2(k2 − p2)
[
1
Fk
−
1
Fp
]
Mk
[
−4∆2
q2
]
+
1
(k2 − p2)
[
Mk
Fk
−
Mp
Fp
] [
2∆2
q2
]}
+Gq
{
τE2 (p
2, k2, q2)
[
−2∆2
]
Mk + τ
E
3 (p
2, k2, q2)
[
−3q2
]
Mk + τ
E
6 (p
2, k2, q2)
[
−3(p2 − k2)
]
Mk
} ]
.
(A7)
We have represented arguments by subscripts for brevity Fk = F (k
2).
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FIG. 13. A log-log plot of the condensate versus α − αc for
m0 = 0 using modified CP vertex (top), KP vertex (middle)
and hybrid CP/KP vertex (bottom).
2. Photon Wave-function Renormalization
The renormalized photon DSE from Eq. (2) is
∆−1µν (q) = Z3(µ)
(
∆0µν
)−1
(q) + Z1(µ)Πµν(q) , (A8)
where Πµν is the photon vacuum polarization or self-
energy obtained by evaluating the photon DSE diagram
using the Feynman rules.
If we contract the photon self-energy with qµ :
qµΠµν(q) = ie
2NF Tr
∫
M
d˜k γν S(k) (q · Γ(p, k)) S(p) ,
(A9)
and use the WGTI
qµΠµν(q) = ie
2NF Tr
∫
M
d˜k γν (S(k)− S(p)) , (A10)
where d˜k = d4k/(2pi)4 and p = k − q.
Using an analogous procedure to the fermion propa-
gator, we can form the appropriate subtractions of the
renormalized photon DSEs, Eq. (A8) to eliminate the di-
vergent renormalization constants Z1 and Z3 by recalling
that G(µ2;µ2) = 1 yields :
G−1(µ2; q2) = 1 +
[
G−1(µ2; q2)Σ¯d(µ
2) + Π¯(q2)
]
−
[
Σ¯d(µ
2) + Π¯(µ2)
]
, (A11)
Π(q2) =
αNF
3pi3
∫
E
d4k
1
q2
Fp
(p2 +M2p )
Fk
(k2 +M2k )
{
1
2
(
1
Fk
+
1
Fp
) [
2k · p−
8
q2
(
∆2 + q2k · p
)]
16
+
1
2
(1/Fk − 1/Fp)
(k2 − p2)
[ (
−
(
k2 + p2
)
+ 2MkMp
){ 8
q2
(k · q)2 − 3k · q − 2k2
}
− 3
(
k2 − p2
) (
MkMp − k
2
) ]
+
(Mk/Fk −Mp/Fp)
k2 − p2
[
− (Mk +Mp)
{
8
q2
(k · q)
2
− 3k · q − 2k2
}
+ 3
(
k2 − p2
)
Mk
]
,
+ τE2 (p
2, k2, q2)
[(
k2 + p2
) {
−∆2
}
+MkMp
{
2∆2
}]
+ τE3 (p
2, k2, q2)
[
3q2k · p+ 2∆2 +MkMp
{
3q2
}]
+ τE6 (p
2, k2, q2)
[
3k · p
(
p2 − k2
)
+MkMp
{
3
(
p2 − k2
)}]
+ τE8 (p
2, k2, q2)
[
−2∆2
] }
. (A12)
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